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9ABSTRACT
The temperature dependence of the thermal expansivities,
c// and cL, as well as the thermal conductivities, Kc//
and Kc1, of polymer crystals along and perpendicular to the
chain axis respectively, are studied in the linear chain model.
This model is well established and widely used in the study of
the harmonic properties of polymer crystals with most of the
parameters independently known. Recognition of the distinction
between the quasiharmonic and the intrinsic anharmonic cubic
terms in the interatomic potential leads to a unified and
physically clear understanding of how the elastic anisotropy
in polymer crystals leads to the diversified characteristics
of c// and rkc I, as well as of KC// and KC 1, both in sign,
magnitude and temperature dependence. The theoretical results
are compared with experimental data for polyethylene. The
theoretical predictions for c and oocl agree quite well
with experimental data from room temperature down to liquid
helium temperature: c// is negative while OCcJ- is positive
for the whole temperature range considered with c//
10-5 K-1 and c1, 10 4 K-1 at room temperatures, and both
decrease gently down to 100 K and much more rapidly below 50 K.
Theoretical predictions for Kcl based only on three-phonon
scatterings also agree with experimental data, which are only
available within the 100-300 K range, showing approximately a
10
T-1 dependence with a value of Kc 0.2 W/m-K at 300 K. There
is no precise experimental value for Kc// available so far.
However, the theory predicts a value of 465 W/m-K at 300 K,
consistent with the experimental estimation of a value around





Lattice vibrations determine many properties of crystalline
solids. For small oscillations, the interatomic potential may be
regarded as harmonic (i.e. quadratic in the displacements about
2
equilibrium, e.g. Yz kx). The lattice vibrations then decouple
into independent normal modes (phonons), whose contributions to
the specific heat of solids are very well known. This is one
of the classic successes of quantum mechanics (Einstein, 1907;
Debye, 1912). The semi-empirical parameters necessary for the
application of the theory in the harmonic approximation are
chiefly the elastic moduli, which are readily available, so that
the phonon spectrum and the specific heat of solids are now very
fully understood.
For larger oscillations, it is necessary to retain the cubic
1 3
(and higher) terms in the displacement, e.g.— gx; such terms
are usually called the anharmonic part of the interatomic po¬
tential. In fact, of the three important thermal quantities,
heat capacity C, thermal expansivity (X and thermal conductivity
K, the latter two are intrinsically anharmonic effects. The
physical mechanisms are readily understood. Figure 1 shows an






Fig. 1 Interatomic potential and the mean atomic separation:
solid line actual potential dotted line---
approximate harmonic potential.
equilibrium interatomic spacing r on account of an anharmonic
part. As temperature T increases, the particle oscillates higher
and higher, so that the mean value of x= r- increases with
T. This is the origin of thermal expansivity. This argument
already makes it clear that o! is proportional to the anharmonic
coefficient g.
2
The harmonic terms (generically% kx) can as usual be
written in terms of phonon creation and annihilation operators
(generically for the i-th mode). The anharmonic terms then
take the form a.a.a,? a.a.a,,..., which describe scattering
1 J k l j K
of phonons (Fig. 2). Such scattering is the principal mechanism
which limits the mean free path£ of phonons, expecially in
crystal of reasonable size(» a) and free from impurities
~3
and defects (impurity concentration«£). The scattering
2 2
propability goes as g, so£ oc g and this gives rise to a
1— 2
thermal conductivity K~— Cv£ oc g, where C is the heat
capacity and v a typical phonon group velocity.
This thesis studies the expansivities cC and conductivities
K in the linear chain model of polymer crystals (Fig. 3). The
model is well established and widely used for the harmonic
properties of polymer crystals (Stockmayer and Hecht, 1933;
Genensky and Newell, 1937; Baur, 1971) It das also been
proved successful in a recent calculation of the room temperature
thermal expansivity along the chain direction of polymer crystals
(Chen, Choy and Young, 1980). There is essentially no free
parameter, and it will be shown that the theoretical results
Fig. 2 Examples of three-phonon scatterings.
Fig. 3 The linear chain model, showing the relevant
lengths, angles, and force constants.
obtained from the model for both OC and K agree very well with
the measured values over a wide range of temperatures and for
different principal directions.
In addition to the increasing technological importance of
polymers, there are many reasons why polymer crystals are of
special interest in this context.
(a) A polymer crystal consists of parallel chains of
covalently bonded atoms held together relatively weakly in the
transverse directions by van der Waals forces. A useful model
(Fig. 3) is a system of nearly rigid rods jointed at definite
angles and connected to each other by weak springs. Such crystals
are therefore highly anisotropic in their physical properties.
For example, the ratio of the Young's moduli of the crystal
along and perpendicular to the chains can be as large as
E E~ 100 (Holliday, 1975) 1 while the ratio of the thermalC C J®
conductivities is estimated to be K K 50 at room temper¬
ed c i-
ature (Burgess and Greig, 1975). This anisotropy gives rise
to many interesting features not encountered in most other
solids; for example, the expansivity along the chain direction
is negative. Polymer crystals repre sent a rather extreme form
of anisotropy in the crystalline state and their properties are
therefore of intrinsic theoretical interest.
(b) The number of possible anharmonic coefficients in the
interatomic potential in a solid is in general quite large (e.g.
in the quasiharmonic model of Gibbons (1973) for tellurium,
there were four coefficients), and none is directly measurable.
In contrast, the strong elastic anisotropy in polymer crystals
leads to one dominant anharmonic term via the tensional effect
(Barron, 1957; Barron and Gibbons, 197; Chen, Choy and Young,
1980; Choy, Wong and Young, 198fa) to be explained below. The
outstanding feature of this effect, whose physical origin is
extremely clear, is that its sign and magnitude are completely
determined by the well known harmonic coefficients. This leads
to unambiguous predictions on thermal expansivity and thermal
conductivity, at least in the direction parallel to the chain
axis. In this regard, polymer crystals provide a particularly
simple ground for confronting theory with experiment.
(c) The usual framework for discussing thermal conductivity
of solids is the phonon transport equation, known in the
literature as the Boltzmann-Peierls equation (BPE), first
written down by Peierls (1929 1955). This is an integral
equation for the deviation of the phonon distribution from its
equilibrium form in the presence of a temperature gradient. A
further approximation, due to Ziman (i960), is to recast the
integral equation into a variation principle and to estimate
the conductivity by a physically motivated choice of the trial
function. Even this approximation has not been widely applied
in practice, because a high dimensional integral remains to be
evaluated. Consider a phonon scattering process with phonon
momenta q+ q—• This involves a nine dimensional
3 3 3
integral d qd qd q, reduced to five dimensions by momentum
and energy conservation. Because of the weak interaction between
chains? a polymer crystal can often be regarded as a collection
of independent chains. If the system is thus reduced to one di¬
mensional, the relevent integral becomes dqdqdq, which
together with momentum and energy conservation, becomes one
dimensional. This affords a detailed study of the BPE with
realistic phonon dispersion and Brillouin zones, in a manner
which has been undertaken for very few other systems; the only
cases studied in such details in the literature seem to be
those for rare-gas crystals (Julian, 1965; Benin, 1966; Bennett,
1970). The problem is therefore of intrinsic theoretical
interest.
(d) Polymer crystals are difficult to obtain in pure form,
so its expansivities and conductivities are usually extrapolated
from semi-crystalline samples (Choy, Wong and Young, 1984b; Choy
and Young, 1977; Choy, 1977). A theoretical evaluation of these
quantities therefore becomes all the more important.
The calculations in the following chapters are intended to
be compared with data for polyethylene of which the structure
is the simplest of all and which has also been best studied
experimentally.
We close this introduction by briefly reviewing the known
experimental facts about thermal expansivity and thermal
conductivity of polymer crystals, and giving a simple physical
picture of the tensional effect, which is crucial to the rest
of this thesis.
In chapter 2, we shall describe the linear chain model in
detail and write down the model Hamiltonian. The thermal
expansion behaviour and the thermal conductivity behaviour
of this model system are then investigated in chapters 3 and
, respectively. Both chapters start with a brief introduction
to the basic idea underlying the calculation and the second
section is devoted to the rigorous mathematical formulation.
Then the thermal expansivities C3, o( and the thermal
c c±
conductivities K, K are calculated in the subsequent
c ci
sections. Both chapters finally end with a discussion.
1.2 Thermal expansivity
Experimentally, the thermal expansivities of polymer crystals
show interesting features. Not only are the expansivities highly
anisotropic in magnitude, but they also exhibit different signs
in different directions. Both direct X-ray measurements
(Wakelin, Sutherland and Beck, I960; Davis, Eby and Colson,
1970; Kobayashi and Keller, 1970;' Dadobaev and Slutsker, 1981)
and data extracted from measurements on highly oriented semi-
crystalline samples (White and Choy, 1980 show that from room
temperature down to liquid helium temperature, the thermal
expansivity of polyethylene parallel to the chain axis, q(,
c
is negative while the expansivity perpendicular to the chain
-3 -1
axis, 1 is positive, with 0 10 K and 0(Ci. c cj.
-If
10 K at room temperatures. Both decrease gently down to
T K
Fig.+ Temperature dependence of the thermal expansivities of
polyethylene crystal. The triangles and the dashed curves denote
X-ray data after Davis, Eby and Colson (1970), and Dadobaev and
Slutsker (1980), respectively. The circles are after Choy, Wong
and Young (198+b) which are extracted from measurements on highly
oriented semicrystalline samples (White and Choy, 198+). The
solid lines denote theoretical predictions. For C£, curves A,
c
B are respectively the quasiharmonic model predictions with
K =0.69, K' =1.38 Nra1 and K =0.52, K'=1.0lt Nm.V V V V
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100 K and much more rapidly below 50 K (Fig. 4).
1.3 Thermal conductivity
As for the thermal conductivity of polymer crystals, direct
measurement on a single crystal has not been available due to
the difficulty in preparing such a sample of macroscopic
dimensions. Measurements on unoriented semi-crystalline polymers
show that for not too low temperatures, say above 30 K, the
thermal conductivity increases with crystallinity (e.g. Choy,
1977 Engeln and Meissner, 1982). However, direct extrapolation
of these data to the pure crystalline phase can only give one
value K c iso for the crystalline phase, which is some sort of
average of Kc// and Kc.l, the thermal conductivities parallel
to and perpendicular to the chain axis of the crystal, respect-
ively.
It is useful to recall that the thermal conductivity of
the amorphous region Ka is roughly of universal value around
0.1~0.2 W/m-K at room tempertures for most polymers and
increases slowly with temperature between 100-300 K. Early
theoretical estimate (Burgess and Greig, 1975) shows that at
room temperatures, K c// is more than 50 times larger than K at
which is in turn comparable to Kc-. In fact, measurements on
oriented (either extruded or drawn) samples of semi-crystalline
polymers have provided experimental estimates on the value of
this anisotropy (e.g., Hellwege, Hennig and Knappe, 193;
Eiermann, 196; Hennig, 197; Muller, 197; Choy and Young,
1977; Choy, 1977; Choy, Luk and Chen, 1978; Choy, Ong and Chen,
198l). The general idea is that as the draw ratio increases,
the conductivities of the semi-crystalline sample in the two
directions, K and, are respectively sensitive to those
of the crystalline phase, K and K,• A recent measurementJ r c ci
on ultradrawn polyethylene sample (Choy and Leung, 1983) leads
to the estimation that K can be as high as around 300~
c
900 Wm-K at 300 K. This value is reasonably comparable to
3
the in-plane thermal conductivity of graphite (ca. 10 Wm-K
at room temperatures (Touloukian, 1970)), which is also an
anisotropic crystalline solid with covalent carbon bonds.
On account of this extreme anisotropy, the directly extra¬
polated value for K. does not provide much information on
r C ISO
the individual values of K and K. However, based on the
c c 1
modified Maxwell model (Choy and Young, 1977), by assuming K
c
» K and regarding the semi-crystalline polymer as a composite
a
consisting of spherical anisotropic inclusions of the crystalline
phase embedded in a matrix of the amorphous phase, a quantitative
estimate on the value of K can be made. The value of K
Cl C JL
thus extracted for polyethylene is shown against temperature in
Fig. 3. Roughly speaking, it is inversely proportional to
temperature between 100-300 K. However, K is so large that
its precise magnitude could not be determined, except that the
r (K)
Fig. 5 The thermal conductivity K of polyethylene crystal0 JL
perpendicular to the chain direction in the 100-30 K range
(after Choy and Young, 1977).
data confirm that K, K» 1. This makes it all the more
c cx
interesting in a theoretical evaluation of K
c
1.4 Quasiharmonici intrinsic anharmonic cubic terms and the
tensional effect
It is well known that to calculate these anharmonic properties
of crystals, namely, the thermal expansivity and thermal conduct¬
ivity, a knowledge of the anharmonic (i.e. cubic) terms in the
interatomic potential of the system is necessary. This usually
makes the calculation .rather difficult because of the large
number of such terms in any actual configuration. It thus
seems that a quantitative theoretical result inevitably requires
a large number of adjustable parameters which often cannot be
unambiguously determined by fitting of the experimental data.
Even if they could be so determined, the physical origins of
these effects are usually obscured and a clear physical picture
would not be manifest.
Therefore at first sight it is doubtful whether such a
calculation for a system as complicated and highly anisotropic
as a polymer crystal is practically feasible. However, we
shall see and emphasize that it is exactly the large elastic
anisotropy of the system which makes the present calculation
of these anharmonic properties of polymer crystals possible
and successful by a model as simple as the linear chain model
which does not necessitate the detailed knowledge of the
structure of the actual crystal. Moreover, most of the para¬
meters in the model are independently known.
We shall also emphasize the distinction between two types
of cubic terms which occur in the interatomic potential.
Consider one atom at the origin and a second one at an
equilibrium position a distance I away. We assume that the
potential energy V between the two atoms may be represented
in the form
(1.1)
where e is the extension of the separation between the two
atoms. These two atoms may be on the same chain, in which
case V describes the potential energy of stretching, or they
may be on different chains, in which case V describes a van
der Waals interaction.
Now let the second atom be displaced by J r, and resolve
% r into a component u parallel to and components v
perpendicular to X (Fi.g- 6). Then
(1.2)
Fig. 6 Decomposition of the relative displacement between two
atoms into components along and perpendicular to the equili¬
brium bond direction. Atom 2 is displaced from original po¬
sition (dotted) to nev; position (solid). The displacement Sr
is resolved into u and v.
Putting this into (l.l) and keeping up to cubic terms yields
(1.3)
Thus there are two types of cubic terms. The first, with
coefficient K2f, arises from the quasiharmonic term 12 iec~
in (l.l); the second, with coefficient g, will be referred
to as intrinsic.
The main point of this work is that, as a result of the
elastic anisotropy, the quasiharmonic contribution overwhelms
the intrinsic contribution in the case of (X and K. For
c c
example, one direct consequence of the large elastic anisotropy
is the amplification of the so called 'tensional effect'
(Barron, 1957; Barron and Gibbons, 197+; Chen, Choy and Young,
1980; Choy, Wong and Young,198+a) which may be understood very
physically as follows. In the chain direction, K represents
the covalent bonds, and is therefore large. In the limit of
K— cp (an inextensible chain), the minimum of (1.3) is at
so that transverse vibrations( v), whose magnitude increases
with temperature, lead to a length contraction( u), and
hence a negative value of 0CQ- An equivalent way to understand
this effect is to consider an inextensible chain, as in Fig, 7
18
Q b
Fig. 7 Lateral motions of atoms in an inextensible chain
leading to contraction along the chain direction. (a) Atoms
in their equilibrium positions. (b) The atom in the middle
under a lateral displacement x.
Because of thermal vibrations in the transverse direction, its
projected length in the chain direction is decreased. Note that
this quasiharraonic contribution is enhanced over the intrinsic
i- 2 2
anharmonic term whenever v» u. For Of, v denotes
c
vibrations perpendicular to the chain, which, because of the
elastic anisotropy, will be much larger than u, the vibrations
along the chain, so that the above remarks apply. However,
this will not be the case for Of, so the intrinsic contributions
ci
will dominate. The same holds for K. This very simple remark0 -L
leads to an understanding of the sign, magnitude and temperature
dependence of both and as as the large anisotropy





In the linear chain model, the polymer crystal (Fig. 3) is
assumed to consist of linear chains parallel to the z direction,
forming a square lattice in the x-y plane, with spacing
between nearest neighbour chains. Each 'atom' on the chain
represents a group (e.g. -CH- with mass m= lM a.m.u.), the
internal details of which may be suppressed. The atoms are
separated by£ along the chain, so each atom, labeled by
n= (nn, n„, n7), lies at equilibrium position
12 3
This model is intended to represent polyethylene, which
is in fact of planar zigzag chain structure and whose unit cell
is orthorhombic, with lattice constants (Bunn, 1939)
a= 0.7+1 nm, b= 0.9 nm, c= 0.233 nm.
The c-axis corresponds to the chain direction, with two CH
units in the distance c, so it is appropriate to identify
as
The density of carbon atoms in polyethylene is +(abc), while
the density in the linear chain model is 1( identify¬
ing the two gives
This model is symmetric between the x and y directions,
and will give only a single, transversely isotropic value for
both C( and K, 0
ci c 1
The validity of representing the true lattice of planar
zigzag chains by the linear chain model is supported by previous
successes of the model on the calculations of the vibration
spectrum, specific heat as well as the room temperature thermal
expansivity oC along the chain direction for polyethylene0
crystals. In fact, a more realistic planar zigzag chain model
calculation has recently been made for o( at room temperatures
c
(Chen et al., 19Sl) and the result further justifies the validity
of the linear chain model.
2.2 Intrachain and interchain potential
The potential energy of such a system can be divided into
two parts: the intrachain and the interchain parts.
The intrachain potential is characterized by two force
constants: the stretching constant and the bending constant
- (0)
K. Upon a displacement of atom n from r to
n
the separation between neighbouring atoms in the chain becomes
where k is the unit vector in the z direction, and the elong¬
ation of the chain segment is
while the bending angle 0 is defined as the angle between
n
and• Thus the intrachain potential energy is
n+k n




Note that the K term contains implicitly an induced anharmonic
s
term in the manner discussed in eqs.(1.1)-(1.3)• The bending
term is not associated with an explicit cubic term because of
symmetry under.
The accepted values for the stretching and the bending
constants for a planar zigzag chain are (Treloar, 190)
However, a pure bending displacement r has only a component
i r cosOC perpendicular to the overall chain direction
(ig. 8), and hence the potential energy associated with dis¬
placements lateral to the overall chain direction is suppressed
2
by a factor of cos OC• similar consideration leads to the same
suppression factor for the potential energy associated with
displacement along the overall chain direction. Therefore in
a linear chain model, it is appropriate to take
The interchain potential is characterized by the force
constant K, which is associated with the nearest neighbour van
v
der Waals interaction between chains, as well as K' and KM,
v v
which are associated with the next nearest neighbour interactions
(Fig. 3)- We shall see that for short wavelengths, the
vibrations transverse to the chain are restrained mainly by
Fig. 8 The transverse to the overall chain direction com¬
ponent of a pure bending displacement in a planar zigzag
chain. The pure bending displacement o r has only a com¬
ponent x which is transverse to the overall chair di¬
rection.
the bending terra in (2.2), but for long wavelengths, the van
der Waals forces between chains provide the principal restraints.
The introduction of the next nearest neighbour force constants
K' and KM is essential to describe correctly the low temperature
v v
thermal expansion behaviour because with only K, the lattice
is unstable against uniform shear, and the model would give an
unphysical dispersion relation for long wavelength shear modes.
Such modes occupy a small volume in phase space and are therefore
unimportant at high temperatures, when all modes contribute
with more or less the same weight. But at sufficiently low
temperatures, only long wavelength modes contribute so that we
must include the force constants Kf and K.
v v
The effect of K' and K in restraining motion in the x or y
v v°
2 2
direction are proportional to cos© and cos ©2» res¬
pectively. Only the total restraint due to these two effects
is important, so to simplify the calculation, w.e shall eliminate
by assuming
(2.3)
Two further conditions are needed to specify K and K'.
v v
First of all, the low temperature specific heat is sensitive,
in an average way, to the spectrum of the long wavelength modes.
We therefore require K and K' to reproduce the known value of
v v
low temperature specific heat, e.g.= 0.12+ J Kg K at
T= 2.5 K (Tucker and Reese, 196?). Secondly, the ratio between
bulk and shear moduli should be realistic. A measure of this
ratio for displacements in the x-y plane is provided by
(Ck-.+ 1 so we require K and K' to yield the known11 12 66 1 v v
value (Tashiro, Kobayashi and Tadokoro, 197) of 50 for this
ratio. These two conditions yield
However, in the thermal conductivity calculation, we recall
that there are two categories of phonon-phonon scatterings:
normal scatterings and umklapp scatterings. Normal scatterings
strictly conserve crystal momentum and would therefore not
directly resist the heat current On the other hand, in umklapp
scatterings, total crystal momentum changes by multiples of any
reciprocal lattice vector and the direct consequence is the
presence of a finite thermal resistivity. Therefore long wave¬
length phonons are not important in the sense that they do not
undergo umklapp scatterings. Hence it suffices to lump the
effects of K, K' and K into a single K term in the interchain
v v v v
potential in the conductivity calculation so that the calculation
efforts can be greatly reduced. In that case, the value of
has already been estimated, again by comparing heat capacity
calculations with experimental data, to be (aur, 1971)
This value of K has also been used in a recent calculation of
v
the high temperature thermal expansivity along the chain0 r
direction of polymer crystals (Chen, Choy and Young, 190).
To the three force constants K, K' and KM, we associateV V v
intrinsic anharmonic coefficients g, g and, respectively.
For example, if a particular van der Waals bond with force cons¬




and similarly for the bonds with force constants K and K. The47 v v
values of g, g, g and gJ will be specified later.
2.3 The Hamiltonian and dispersion relation
With all the above remarks, we can now write the Hamiltonian
explicitly as:
(2.3)
where m is the mass of the backbone 'atom', p etc. are the
x-
n
conjugate momentum of x etc..
n
The stretching and bending terms are as given in
(2.1), (2.2), and Hv is the interchain potential which is a
sum of terms as given in
Each in (2o) when cast into Cartesian coordinates can








etc., and» sp are abbreviations for cos sn resPec
ively.
We shall also introduce the Fourier transformations and




with N. the number of 'atoms' in the i direction. The ortho-
1
normality conditions are
where 2?r x integer and vanishes otherwise,
and is the Kronecker delta. The variables z(cr)t p(')
z
etc. satisfy
For calculating low temperature properties, it is necessary
to quantize the system, by imposing canonical commutation
relations:




and K has been eliminated by means of (2,3)»
v
Note that if K' is taken to be zero, i.e., if only nearest
neighbour interchain interaction is considered, as we shall do
in the conductivity calculation, £k(ct) would be diagonal.
However, even in the expansivity calculation, noting that the
C_'s can be regarded as small perturbations of relative order
OUyiO, we can simply ignore the C_ 1 s so that z(flr) is
decoupled to x(o~) and y(). Then the diagonalization of £k(x)J
becomes trivial and the phonon dispersion relation is at hand.
The frequency q) of a phonon with wavevector q in a branch
Jit (ji= 1, 2, 3) is given in terms of a force constant KCq) by
(2,11)
The force constants are given by
(2.12)
where, B, D, K_, as given in (2.10) and (J are related to
the components of the wavevector q by
(2.13)
Here we also explicitly write down the orthonormal trans¬
formation fp(q)], whose element PpCq) is just the -th compo¬
nent of the -th eigenvector of fK(r)], and through which the
diagonalization of [k(t)J is achieved:
(2.10
where
and K(q) as given by (2.12), and D as given by (2.10).
In the case of the conductivity calculation, with the
simplification= 0, we have
(2.15)
The JUL- 1, 2 modes are independent of and describe
vibrations transverse to the chain. The JJL-= 3 mode goes





The introductory remark in section 1.1 has already made it
clear how thermal expansivity arises as an anharmonic effect of
the interatomic potential (Fig. l). Such potentials usually
have a steep core and a shallow tail, so that a positive thermal
expansivity results. This is the case for Of of polymer
CJL
crystals where intrinsic anharmonic contribution dominates.
However, due to the large elastic anisotropy of polymer crystals,
as explained and emphasized in section 1.+, the tensional effect
is greatly amplified, so that the quasiharmonic contribution
overwhelms the intrinsic contribution for (X• Therefore a
c
negative value of (X results. The tensional effect not only
c
provides the correct sign of X very naturally, with a simple
c
and clear physical picture, but also affords a qualitative
understanding; of the temperature behaviour of Of
x c
In this section, we first give some heuristic arguments for
the form of the theoretical results. Mathematical derivation
will be left to the subsequent sections.
Consider a linear chain made up of atoms joined together by
inextensible segments each of length_ (Fig. 7a). Under a
lateral displacement x of the atom in the middle (Fig. 7b) such
as would be caused by thermal agitation, the length of each
segment projected along the chain direction changes from to
(31)
where it is assumed that
Classically, if there is an effective force constant
restraining such lateral motion, we have, since there are two
lateral modes,
(3-2)
where the angular brackets denote ensemble average and k
is the Boltzmann constant. Substitution of (3.2) into (3.1)
leads to
(3.3)
which is central to the calculation of Chen, Choy and Young (1980)
for 0c of polymer crystals at room temperature.
However, when generalization is made to all temperatures,
firstly, the required ensemble average must be expressed in terms
of a suitable quantum-mechanical trace. Moreover, the second
equality sign in (3-2) is not valid. Nevertheless, instead of
(3.3)i we shall formally get
where C is the heat capacity.
A more careful investigation would suggest that we should
express x in terms of normal coordinates, and resolve |x
in (3.2) into a sum over averages of normal coordinates, say,
replaced by
where K., U. are respectively the effective force constant and
11
the contribution to internal energy of the i-th mode. Therefore
we get
(3.5)
where C.= dU.dT is the heat capacity of the i-th mode. If
«3L «1»
the modes are now labeled by phonon branch- and wavevector q,
then (3»3) becomes
(3-6)
where C(,T) is the heat capacity of a boson mode of frequency
U) at a temperature T:
(3-7)
The weighting factors a(q) can be found either by a
detailed analysis of the lattice dynamics of the system or by
simply comparing the high temperature limit of (36) C(w,T)—
with the classical result of Chen, Choy and Young (1980);
in any case the result is
This indeed gives the correct formula. The vanishing of a(q)
means that the transverse displacement x does not project onto
longitudinal vibrations, as is physically obvious.
A more mathematical yet heuristic approach explicitly
emphasizing the elastic anisotropy is to consider eq.(l«3) with
u= z and v= x, which gives the stretching term in the
Harailtonian roughly as
(3.9)
The average extension along the z direction must corresponds to
the minimum of the energy in (39) leading to
Now as a result of the elastic anisotropy, displacement trans¬
verse to the chain (x) is restrained by relatively weak forces




This means that the intrinsic anharmonic term— g z has a
3 s
negligible effect justifying our earlier remark.
The rigorous formulation of calculating the expansivity for
a system described by a most general Hamiltonian with cubic
terms in the normal coordinates is given in the next section.
The formula obtained will then be applied to calculate C and
c
o( in Ihe subsequent sections. The chapter finally concludes
with a discussion.
3.2 General mathematical formulation
Linear thermal expansivity is, by definition, the temperature
derivative of the fractional change of length. For (Y in our0
case, for example, the original length in the chain direction is
L= t, and the extension along that direction for one
o 3°
particular chain labeled by some fixed n, n is
The expansivity is
(3.11)
The thermal average denoted by is given by3. V
(3.12)
where (9 is the operator corresponding to the quantity to be
averaged, H is the Hamiltonian operator and= l(kT) is
the inverse temperature with the Boltzmann constant.
Let
where Hq can be taken as the quadratic part and A as the
anharmonic part of the Hamiltonian, and denote the thermal
average of 0 with respect to Hq by
(3.13)
Then by the identity (see e.g. Messiah, 196l)
O.I'O
where B, A are linear operators and
it can be shown that (Appendix A) to first order in A,
(3.15)
Hence, to first order in A (Appendix A),
(3-16)
which reduces the problem to calculation of averages under Hq.
Note that HJa is linear in A for all n. Therefore when
(3.16) is applied to our calculations, each anharmonic term
in the Hamiltonian can be considered separately and independently.
The problem remains to calculate the thermal averages for
some position coordinates like z etc. with respect to H= H+ A.
n
For generality as well as for convenience, let us formally write
the Hamiltonian in the most general form with only cubic anharm¬
onic terms
(3.17)
where xtt, p are complex and form a conjugate pair of normal
coordinates, m and K. are respectively the effective mass and
effective force constant of that mode, and the indices are
chosen such that= x, etc., sincejjl will be essentially
a wave number index. The thermal average of any particular
normal coordinate, say xp, with respect to the Hamiltonian
(3.17) can be shown (Appendix A) to be given by, to first order




Note that F() is just the average energy in an oscillator of
frequency CJ at temperature T, whose temperature derivative
C( ,T) is given by (3.7)» so that the temperature derivative
of (3.1b) becomes
(3.19)
Equation (3«19) constitutes the framework of later
calculations in this chapter. In the subsequent sections, it
remains to express the position coordinates to be averaged in
normal coordinates and to identify G from the anharmonic
r l
part A of the model Hamiltonian, and then apply (319) to
equations like (3H) to obtain vV and (Y
c c 1
3.3 Calculation of
With the general formulation set up in the last section and
the model Hamiltonian given in chapter 2, we proceed to cal¬
culate aT for this model system in this section. However,
c
one technical point need be mentioned before going into the
mathematical details. In order to apply results obtained in
the last section, the model Hamiltonian has to be expressed in
terms of normal coordinates. This is achieved by introducing
Fourier transformations which implicitly assume periodic
boundary condition, i.e. the displacements of the atoms at both
ends of the chains are taken to be identical. Hence, it is not
surprising that we get a vanishing thermal average for the
elongation of the chains if the expressions obtained in the
last section are directly applied to the Hamiltonian of chapter
2. To obtain the correct expression for the expansivity, we
introduce the following trick. Instead of the original lattice
of Nnx N„x N-. atoms, we consider an extended lattice of N x N x
1 d j id
2.N.. atoms which consists of joining two identical lattices of
3
N x N x N atoms together along the z direction. The quadratic
part H of the Hamiltonian of this extended lattice takes the
o
same form as before but the anharmonic part A is taken as follows:
while A is taken unchanged for the first half of the extended
lattice (I), i.e. for atoms labeled by n= (n with
OSnSN, a negative sign for A is introduced for the remaining
half of the lattice (II). The effect of this construction of A
is that if the anharmonic terms somehow lead to an expansion for
the first half of the lattice, then clearly they would also lead
to exactly the same amount of contraction for the second half of
the lattice. Therefore, the thermal average of the elongations
in the z direction for the first Nx Nx atoms would give the
correct expansivity for the original lattice while the length of
the extended lattice remains unchanged, consistent with the use
of periodic boundary condition (Fig. 9) Similar trick applies
when (X is to be calculated. There are other ways in the
cx
literature for dealing with this problem, but they are equivalent
to the method outlined above.
3«31 Quasiharraonic model
With eqs.(3.1l), (319) and the above trick of the extended
lattice, it is straightforward to evaluate the contribution to
(X due to each anharmonic term given by eq.(2.8). In prin-
c
ciple, we can thus obtain results exact to first order in the
anharmonic terms. But in practice, there is no point to be too






Fig. 9 (a) The extended lattice with equal parts at To.
(b) When temperature changes, the expansion of
(I) is compensated by the contraction of (II),
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a: after Choy, Wong and Young (1989b); b: after Dadobaev and
Slutsker (1981); c: after Davis, Eby and Colson (1970).
A, B: Quasiharmonic model predictions with K =0.69, K'=1.38 and
Kv=0.52, K=1.09 Nm respectively.
obtained by numerical evaluation of (3.20) agrees reasonably
with experimental data over the entire temperature range where
ct changes by more than three decades. Reduction of all van
c
der Waals forces by 23% (curve B), which corresponds to a
increase in the low-temperature specific heat, gives a slightly
better fit. However, the essential point is that the qualitative
features are not dependent on the precise values of the para¬
meters chosen. It should be borne in mind that the model is
extremely simple and no adjustable parameter has been used.
The physical picture in the quasiharmonic model is very
clear. As the temperature increases, so does the amplitude of
lateral motion. Because the chain is virtually inextensible,
lateral motion must be compensated by shrinkage along the z
direction (see Fig. 7). The weak dependence on temperature
above 100 K is due to the relative low Debye temperature of
transverse vibrations, whose contributions to heat capacity and
expansivity therefore already saturate at not too high temper¬
atures. This is indeed the distinguishing feature of the quasi-
harmonic model, and is clearly borne out by the data.
3.32 Intrinsic anharmonic model
To fully appreciate the success of the quasiharmonic model,
it is instructive to consider an alternative explanation of the
data. Suppose we ignore the quasiharmonic cubic terms in A ins
(2,8a) and attempt to explain the negative c i-n terms of
the intrinsic anharmonic coefficient g. First of all, gs s
would have to be positive, corresponding to an interatomic
potential with a shallow repulsive core and a steep attractive
tail, which is implausible. Second, consider the temperature
dependence. Dropping the quasiharmonic contribution from (2,8a)
and going through a calculation as beforeJ we eventually
arrive at the following analog of (3.20)
(3.22)
2
Here a'(q) are the coefficients obtained in decomposing z
in terms of normal coordinates. Clearly the transverse vibrations
JX= 1,2 would not be involved; we find
Because of the high Debye temperature of the stretching
branch( tl= 3), eq,(3.22) predicts an (Z which changes by a
c
factor of four from 100 to 300 K, in contradiction to the less
than twofold change in the experimental data (Fig, 10). There¬
fore it is not possible to account for the observed 0 (T) inG
terms of intrinsic anharmonicity.
T (K
Fig. 10 The intrinsic anharmonic model prediction (solid line)
cannot explain the temperature dependence of qC of polyethyleneCll
crystal, especially at high temperatures. The experimental data
are as in Fig. k.
3 Calculation of
In the case of Oi, the van der Waals forces and theirCi
associated anharmonicities would be the most important factors.
Mathematically, this is because the relevant ensemble average
is now of the form x} or equivalently Ax, clearly
av n° o
the A and A, terms in (2.8) will lead to zero contribution,
s b
So we need only consider the terms in (2.8c). Again, we
shall give some heuristic remarks and see what further simpli¬
fications can be made before doing the detailed arithmetic.
Consider a van der Waals bond of equivalent length lying
along the x direction, with potential energy as given by (2.4).
Now for a displacement£ r- (x, y, z), the component parallel
to the bond is x, while the perpendicular components are (y, z),
so according to the discussion in section 1.4, putting u= x,
v= (y, z) into eq.(l.3) gives
(324)
The same heuristic argument as given in section 31 f°r Oi c
would suggest that the average extension along the x direction
corresponds to the minimum of (3.24):
(3.25)
Taking note of elastic anisotropy (as described in eq.(310)) to
2




is a convenient dimensionless parameter expressing the ratio of
the cubic to quadratic coefficients in the Hamiltonian. Note
that for potentials with a steep core and a shallow tail, A 0.
There will be similar contributions from other bonds, so we
also define
where the length scale in the parentheses is in each case the
separation between carbon atoms.
The sign and magnitude of 0( therefore depend on A• IfC J.
(3.2+) describes a 6-12 potential with equilibrium separation
r, then it is straightforward to show that
o
leading to
In the present model, the equilibrium separation r is equal to
; however, in reality the van der Waals forces exist princi¬
pally between hydrogen atoms, whose separation r may be expected
to be smaller than J. Thus we expect X (and similarly W
to be in the region 10-20. Consequently the quasiharmonic
contribution to (the- Yi in (3»26)) is negligible, justi-
fying our earlier remarks and 0( is guaranteed to be positive.
Hence, for simplicity, we shall ignore all z terms as well
as the quasiharmonic terms in A• Similar calculations as in








and are given in (2.10.
The etc. are the coefficients encountered in decom¬
posing into normal modes. It is seen that all f,i- 3 coefficients
vanish as vibrations along the chain are not involved in leading
order in K Therefore OC is characterized by the low Debye
s cl 47
temperature of transverse vibrations, so a gentle temperature
dependence is expected near room temperatures.
To proceed, we choose X= X'= 7J and treat their overall
magnitude as an adjustable parameter to fit the magnitude of the
0( data at 200 K, the latter being obtained from wide-angle0 «L
X-ray diffraction measurements (Davis, Eby and Colson, 1970).
The results are presented in Fig.+ and Table 2. As shown in
Fig. f, the predicted temperature dependence (which does not
depend on the value chosen for X) agrees very well with the
data. The fitted value of X is 21, consistent with the estimate
= 10-20 based on a 6-12 potential.
3.3 Discussion
The model calculations presented in this chapter clearly
demonstrates how elastic anisotropy accounts for the difference
between and OC. Since the chains are nearly inextensible,
c cj.
only vibrations transverse to the chains are relevant. Through
Table 2
Thermal Expansivity of Polyethylene Crys tal
Perpendicular to the Chain Direction


















































































a: after Choy, Wong and Young (1984b); b: after Dadobaev and
Slutsker (1981); c: after Davis, Eby and Colson (1970).
the quasiharmonic effect, this causes a negative CY i which
n° c
agrees with experiment in both magnitude and temperature depend¬
ence. In the perpendicular direction, the intrinsic anharmonic
term dominates and leads to a positive oC. The calculated
ci
temperature dependence of (Xc is consistent with experiment
and the magnitude also agrees reasonably well with estimates
based on a 6-12 potential.
We have emphasized the distinction between stretching modes
and modes perpendicular to the chain. In the present model, the
latter consists of two branches, both of which involve bending
of the bond angle. It is well to bear in mind that in reality
the chain structure is planar zigzag, and so one branch (in
plane) involves bending, while the other branch (out of plane)
involves torsion. However, the difference between bending and
torsional modes is not large as far as contribution to expan¬
sivity is concerned. This was confirmed by comparison of the
earlier calculations of the high temperature value of (V in° c
the linear chain model (Chen, Choy and Young, 1980) and the
planar-zigzag chain model (Chen, Choy, Wong and Young, 1981).
This is why a linear chain model can give a reasonable description





It is well known that for polymer crystals, lattice waves
(or phonons) play the dominant role in the conduction of heat.
In an infinite perfect crystal, the principal mechanism that
limits the mean free path X of phonons and thus leads to the
lattice resistivity is the phonon-phonon scatterings which are
anharmonic effects of the vibrations of the lattice. Among all
sorts of phonon-phonon scatterings, the most significant contri¬
bution to thermal resistivity clearly comes from three phonon
processes, which, when expressed in terms of phonon creation
f 4 f
and annihilation operators, take the form a.a.a, a.a.a,...,
i J K 1 J
etc. (Fig. 2). Four phonon processes may be important at rather
high temperatures but we shall ignore them. Other scattering
mechanisms that would exist in a real crystal, e.g. the boundary
and mass defect scatterings etc., are also not discussed in this
thesis for simplicity. Hence, we shall confine ourselves to
study the effect of three phonon interactions alone on the
thermal conductivity of polymer crystals.
Historically, the formulation of the theory of lattice
thermal conductivity of solids was first correctly set up pheno-
menologically by Peierls (1929) through the establishing of the
famous Boltzmann-Peierls equation (BPE), which is a transport
equation for the phonon gas. Most of the later work on this
subject over the past half century, on the practical side, has
been based on solving the BPE with the inclusion of diversed
scattering mechanisms for different particular systems. Others,
on the formal side, have tried to derive such an equation
starting rigorously from the Hamiltonian by using the Kubo
formalism to relate the linear response of a system to a disturb¬
ance ultimately to some quasi-particle Green's function. However,
we shall not discuss the formal aspect of this problem.
Nevertheless, even accepting the BPE, and the assumption
that the mechanisms involved in the lattice thermal conductivity
of solids are well identified, due to the physical and mathe¬
matical complexity of the three-phonon processes, exact solutions
of the BPE have not been and are unlikely to be available.
In the literature, the method of the relaxation time approxi¬
mation (see e.g. Klemens, 1951 195) Has been widely used and
proved to be effective in the phenomenological analysis of
experimental data but only by treating the magnitude and, often,
the frequency dependence of the three-phonon relaxation times as
adjustable parameters. Moreover, this method does not have a
sound theoretical basis and in fact would be wrong since even if
there were only normal (N) processes between phonons, this
approximation would still give a finite lattice thermal conducti¬
vity, whereas as Peierls (1929» 1955) pointed out, an infinite
conductivity would have been the correct result.
On the other hand, the variational method (Ziman, 1956, i960)
is exempt from many of the criticisms that can be leveled at the
relaxation time approach. It is mathematically rigorous and in
principle, an infinite sequence of bounds on the transport co¬
efficient can be constructed and it has been shown that this
sequence indeed approaches the true transport coefficient as its
limit (Benin, 1970). But the amount of calculations involved is
often either too large or unjustified to give a practical solu¬
tion to any given problem expecially when the details of the
scattering processes are not known. For example, usually there
is very limited information available about the cubic terms in
the interatomic potential which determine the strength as well
as the dynamics of the three-phonon processes. That is why
relatively little work has been done in the literature using
this method. Even in the Ziman limit (Ziman, i960), which is
probably the simplest of all versions of the variational method
using a physical trial function, first principle calculations of
the thermal conductivity seem to have been performed only for
rare-gas crystals (Julian, 1965; Benin, 1968; Bennett, 1970).
Nevertheless we shall adopt the variational method since we
have a simple model with most of the parameters unambiguously
determined. The linear chain model calculation on the thermal
conductivities of polymer crystals via the variational method
is of interest not only for the understanding it will bring
about on the thermal conductivity behaviour of the system, but
also in that it affords the opportunity of a detailed study of
the BPE, with realistic phonon dispersion and Brillouin zones,
by a mathematically rigorous method.
The status and limits of the experimental findings on values
of K and K, the thermal conductivities along and perpendi-
c ci°
cular to the chain axis respectively of polymer crystals, have
been outlined in section 1.3 The general aspects of the BPE,
the variational principle and the Ziman limit will be briefly
reviewed in the next section. Then the formulation is applied
to the calculations of K and K in the subsequent sections.
c Ci- H
We shall see and explain in detail in the respective sections
that the relative importance of and the roles played by the two
classes of phonon-phonon scatterings, corresponding to the two
types of cubic terms (quasiharmonic and intrinsic anharmonic)
in the Hamiltonian, are different in different directions. This
leads to a clear understanding on how the anisotropy in thermal
conductivities arises as a result of the elastic anisotropy. The
chapter concludes with a discussion in the final section.
f.2 The Boltzmann-Peierls eauation, the variational principle.
and the Ziman limit
We shall consider the effect of three-phonon interactions on
thermal conductivity only. Let n- denote the phonon occupa-
qp
tion number of mode (q,p) with wave vector q and polarization p.
The transition probability per unit time for a three-phonon pro¬
cesses of the type
Cf.1)
can be written as (Cf Ziman, I960, eq.(8.2.2))
(4.2)
For brevity, we have suppressed the labels for polarization of
various modes and they should be taken care of, in any integrat¬
ion over all wave numbers, by an appropriate summation when the
formal theory is applied to concrete model calculations.
By considering all possible three-phonon processes relevant
to the scattering of mode (q,p), either in or out, we may cons¬
truct the Boltzmann equation for the steady state phonon distri¬
bution in the presence of a temperature gradient VT (Cf Ziman,
I960, eq.(8.2.3))
(4.3)
where v- is the phonon group velocity and V is the volume of a
q
unit cell of the crystal lattice. The various terms on the
right of (4.3) are respectively the rates for
process relative rate sign
The relative rates are the usual Einstein factors for stimulated
emission and absorption, and the absolute rate is obtained by
a
multiplying by the same matrix element Q (principle of
q q'_
detailed balance). In the last two terms, q' and q are indis¬
tinguishable, so the factor of jz takes account of the double
counting. The sign indicates whether the process increases or
decreases n-•
q
This equation is to be linearized by replacing n-, on the
q
left, by its equilibrium value n°. On the right, it is con-
X
venient to introduce the small deviation function defined
q
by (Cf Ziman, 190, eq.(b.2.q))
(q.q)
where h, k, T, U- have their usual meanings. We also denote
q
the equilibrium transition rate by
(J.5)




and after some arithmetic, we finally arrive at the Boltzmann-
Peierls equation (BPE)
(4.6)
The BPE can symbolically be represented by
(4.7)
where X, the expression on the left of (4.6) is viewed as the
5. j,
result of an integral operator P operating on the function.
q





where J is the heat current density and K_ is the thermal con-
ductivity tensor.
The inner product can be written in a more
convenient form as (Appendix C)
(4.10)
By (4.9) and (4.10), it is clear that if is the solution of
q (i)
(4.6) and we choose VT in direction i and write v as the
q
component.of v- in that direction, then
q
(4.11)
Equation (4.11) directly expresses the thermal resistivity due
to three-phonon interactions in terms of the solution of the
q
BPE. It is similar but not identical to eq.(8.2.7) in the classic
book by Ziraan (i960). Since isotropy has been implicitly assumed
in the derivation of Ziman, the expression in Ziman's book cannot
in general be applied to the anisotropic cases. No such assump¬
tion was made for eq.(4.1l) and there is no limitation on the
crystal symmetry for its applicability. Thus (4.1l) is more
general. In fact, the systems which we are interested in,
polymer crystals, are highly anisotropic.
Now we turn for a moment to the statement of a well known
variational principle (VP) (see e.g., Ziman(l960), chapter 7)
The VP states that, if satisfies X= P$ where P is a
self-adjoint, positive definite linear operator such that
f, P=£, Pt? and, P P 0 for all, 4,
then of all functions which satisfy the condition
P £= K 4, X, the solution of the equation X= P
gives, P its maximum value. An alternative form of the
VP is that the solution of X= P i minimizes the expression
i, p$ (i, x )2.
By (4.10), the integral operator P for the BPE clearly
satisfies all conditions required for the VP to be applied.
Hence we conclude that the true solution of the BPE will minimize
the expression on the right of (4.11) which is just
In other words, to find the resistivity, we need only proceed to
seek the minimum of (4.1l).
As discussed by Ziman, an appropriate trial function for the
variational integral (VI) in (4.1l) is
where u is a fixed unit vector in the direction of the tempera¬
ture gradient. This trial function makes
(4.13)
which vanishes for all normal (N-) processes. Thus if Umklapp
(U-) processes are absent, eq.(4.12) would be the solution of
the BPE for it gives the VI in (4.11) its absolute minimum value,
namely zero, and corresponds to infinite thermal conductivity,
as was first pointed out by Peierls (1929) in his pioneer work
more than half a century ago. However, u can be well replaced
by any fixed vector in space to make Ct.13) vanish. It is obvious
that (4.12) is the b est choice in isotropic cases or for lattices
with cubic symmetry but this may not be true in anisotropic cases.
Nevertheless it can be shown that (4.12) remains the right choice
in anisotropic cases if the direction of the temperature gradient,
i.e. direction i in (4.11), is so chosen that the first Brillouin
zone is invariant under the inversion of this direction (Appendix
D).
Without better reasons for other choice of the trial function,
as well as for simplicity, we shall put (4.12) into (4.11) for
our model calculation. The result obtained using this trial
function is known as the Ziman limit in the literature.
4.3 Calculation of K
According; to the VP set up in the last section, K is given
c
by the following expression
(4.140
Since the unit cell of polyethylene crystals is orthorhombic and
that of the linear chain model is tetragonal, and both of these
lattices are invariant under inversion in any principal direction,
we can directly put the trial function (4.12) into (4.14), as
discussed in the last section, to evaluate the Ziman limit for
K• It is again advantageous to examine what simplification we
can make before going into the detailed arithmetic.
First of all, as we shall only consider the Ziman limit, in
view of (4.13), it is clear that N-processes do not contribute
to (4.14). Therefore we need only consider U~processes. For a
typical three-phonon process as described by (4.1), it is a U-
process if the crystal momenta satisfy
(4.13)
where G is some nonzero reciprocal lattice vector. Clearly the
magnitudes of q, q' cannot be both small. Let G be the nonzero
component of G, as q, q', q are defined in the first Brillouin
zone, their i= 3 components must satisfy j q j yk G etc.,
and hence At high temperatures,
as phonons of all wavelengths are almost equally well excited,
long wavelength phonons are not important for they only occupy
a small volume in the wavevector space. At low temperatures, it
is now clear from the above remark that long wavelength phonons
are also not important for they do not undergo U-processes.
Hence we are justified to summarize all effects of the relatively
weak interchain van der Waals interactions, which are important
only for long wavelength phonons, into a single force constant
K, so that the calculation effort can be greatly reduced without
loss of the essentials of physics. The dispersion relation for
this simplified version of our model Hamiltonian is given by
(2.15) and the number of anharmonic terms is greatly reduced by
the vanishing of, g etc. in (2.8c). Note also that the
yx= 1, 2 branches, which are essentially associated with dis¬
placements x and y respectively, are now degenerate. It will
also be convenient to label the phonon branches with= x, y, z
from now on and reserve the numeric indices i= 1, 2, 3 Tor
spatial directions.
Secondly, the expression (4.10 for the thermal resistivity
Q''
is linear in p H, the equilibrium transition rate for the
q q'
three-phonon process (4.1), which is directly related to the
cubic terms A in the Hamiltonian. There are various classes of
2 3 3
cubic terms in (2.8), namely, x z, z etc. in Aand Afe, and x,
2 2
xz, xy etc. in A, each representing one class of three-phonon
processes. It will be more illuminating to classify them as
TTT, TTL, TLL and LLL type three-phonon processes, where T stands
for transverse (i.e. x and y) and L for longitudinal (i.e. z) as
is obvious in the K case. Not all of these classes of cro-
c
cesses contribute to (b.lk). For K, due to the quasi-one-
c
dimensional characteristic of the system, as well as the degen¬
eracy of the two transverse (JUL- x, y) phonon branches, there is
no allowed LLL and TTT type U-processes in the z direction simul¬
taneously satisfying crystal momentum and energy conservation
requirements for our model. Moreover, as the equilibrium tran-
sition rate (p goes as a(, roughly speaking, the contribution
2
of the TTL type processes, say, corresponding to the zx terms
in A with coefficient K, goes as K K, while that of
s s° s s b
2
the TLL type processes, say, corresponding to the xz terms in
2-2-1
A with coefficient K, goes only as K K K, which is negli-
v v v s b
gible in comparison with the former. Hence, for the calculation
of K, it suffices to consider only those TTL type processes
c
which are of quasiharmonic origin. Here we see once again that
the quasiharmonic contribution overwhelms the intrinsic anharm-
onic contribution for physical property along the chain direction
of polymer crystals.
Figure 11 schematically shows the relation between q and q'
for the allowed three-phonon processes, as described by (A.l),
of the TTL and TTT types, both normal and umklapp. In view of
the elastic anisotropy, except for very long wavelength phonons,
the phonon frequencies are dominated by the z-component of the
wavevectors which are associated with the intrachain force
Fig. 11 A schematic showing of the relation between q and q'
for the allowed three-phonon processes of TTL and TTT types.
Processes represented by points in the shaded regions are U-
processes in the respective directions. Curves in (b) are cor¬
responding to any one of the two dots in (a). The solid curves
correspond to TTL type while the dotted ones correspond
to TTT type three-phonon processes.
constants and. Therefore, there is virtually no limitation
on the transverse components q, of the wavevectors of the two
phonons undergoing three-phonon process. For each point in the
square of Fig. 11a, there corresponds curves similar to the
typical ones given in Fig. lib relating the longitudinal com¬
ponents q, q of the two phonons. Different points in Fig. 11a
corresponds to slightly displaced curves in Fig. lib without
altering the qualitative feature. Processes represented by
points in the shaded regions are umklapp in the respective di¬
rections. For example, the curves in Fig. lib in fact correspond
to any one of the two dots in Fig. 11a. Thus the curves denoted
by 0 in Fig. lib are TTL type processes normal in the transverse
(i= l) direction but umklapp in the longitudinal (i= 3) di¬
rection.
Now we proceed to evaluate the Ziman limit of (4.l4) with
only TTL processes considered. It is convenient to introduce
a change of variables from q to o by (2.13) so that (+.l4) becomes
(f. 16)
where the Ziman trial function is j= HQ anc we have ex-
r
plicitly recover all phonon branch labels and the necessary sum
over branches. The factor of 2 in the numerator is because the
2
TTL processes corresponding to the y z terms contribute as much
2
as those of the x z terms The group velocity factors
in the denominator are given explicitly as
(+17)




which is multiplied by the usual factors of n for stimulated
emissionabsorption, and
and are the Dirac delta functions, and
with the Planck distribution function n(,T) given by
With (A.l6)-(4.l8), numerical work is then required to give
a quantitative result. An approximate scheme is presented in
the following subsection f.3l which requires much less computing
effort and thus allows a more extensive study of the dependence
on values of force constants as well as some analytic results.
The more exact evaluation of (A.l6) is given in subsection .3.2.
A..l The sine-le chain anor oxi mat ion
The nine-dimensional integral to be evaluated in the numerator
of (A.16) finally reduces to three-dimensional when all the con¬
servation laws and the detailed symmetry of the dispersion rela¬
tion have been taken into account. Meanwhile the three-dimen¬
sional integral in the denominator reduces to two-dimensional.
However, we observe that as far as TTL type U-processes in the
z direction are concerned, the transition rate is not sensitive
to the transverse components q, etc. of the wavevectors.
This can be seen from Fig. 11 that both and qi in an allowed
TTL type U-process are of considerable magnitude so that the
phonon frequencies, which in turn control the relative rate, are
dominated by the longitudinal components of the wavevectors. In
fact, as the dispersion relation (2.15) reveals, the transverse
components are important only when
2
On the other hand, the factor J f[ in the matrix element Q in
(+.l8) also does not depend on q, q etc.. Therefore, we can
make the further approximation that we simply ignore variations
on the transverse components of the wavevectors in the dispersion
relation (2.15)i i»e. we take
(K19)
so that both integrals in (.16) become one-dimensional.
Adoption of eq.CA-.19) is equivalent to considering a single
chain embedded in a passive background or a single chain sur¬
rounded by neighbouring chains whose transverse vibrations are
frozen.
The results of this approximation are presented in Fig. 12
and Table 3« The high temperature (T 2000 K) behaviour is
seen to follow a T law as expected and the asymptotic formula
T(K)
Fig. 12 The single chain model predictions for K of poly¬
pi -1
ethylene crystal: (A)= 32 Nm; (B)= 6.7 Nm
Table 3
Theoretical Predictions for due to
Three-phonon Processes
model single chain full lattice



















































a (Wm) 7.77E04 7.50E04 7.22E04 6.8E0 7.5204
T (K)
o
1367 1369 1371 1376 1359
can be obtained by replacing all Planck distribution function
n(,T) by kgTfiW. The T dependence is found to be
(4.20)
with the coefficient a= 7.77 x 10 Wm.
The low temperature conductivity is expected to exhibit an
exponential behaviour:
(+.21)
where f(T) is a relatively slowly varying function eventually
approaching a power law at sufficiently low temperatures and
the estimated value T 137 K is determined from the lowest
o
possible sum of phonon frequencies Co +LO' which can undergo
a U-process: T=. kn. A log-log plot of
o mm B o
K exp(-T T) vs T in Fig. 13 (curve A) confirms that the
c o
remaining T dependence is gentle. Curve A of Fig. 13 also pro¬
vides us a rough idea about the function f(T). However, the
f(T) behaviour obtained should not be taken too seriously.
First, the low temperature asymptotic behaviour of f(T) must be
sensitive to the long wavelength soft mode phonon dispersion of
the system, which requires a very elaborate modelling to account
for. Second, because of the overwhelming exponetial factor, it
is clear that a small error in T can lead to substantial changes
o
on the apparent behaviour of f(T). Third, in real crystals,
Fig. 13 Plots of K exp(T T) vs T: (a) K by the single
O c //
chain model with= 32 Nm; (B) K by the full lattice
model with K= 32 Nm; (C) K with K= 32 Nm~; (D)
v- c1 v
K with K a Jf.O Nm.
cx v
boundary scattering and scatterings due to defects and impurities
dominate at low temperatures. Anyway, with the above remarks
borne in mind, as shown in Fig. 13 (curve A), f(T) is seen to
3. 5
approach asymptotically an approximate T behaviour at suffi¬
ciently low temperatures.
Since the value is not entirely certain, we present de¬
tailed numerical results for several different K values, as
v
shown in Table 3. Anyway, K is not sensitive to variation in
c
the value of K. With K value more than doubled, K only
v v c
exhibits a 10% decrease at high temperatures (T1000 K), a 20%
decrease at room temperatures, and less than 30% decrease at
temperature as low as 20 K, at which the three-phonon processes
certainly are not the dominant scattering mechanism.
The value obtained for K at 300 K is around A00~p00 Wm-K
c
-1, -1
for values ranging from 32 Nm to 6.7 Nm
A.32 The full lattice model
In the single chain approximation, the q, dependence of
the transition rate has been ignored by adoption of the approxi¬
mate dispersion relation (A.19) so that the integration over
dq dq' in (A.l6) becomes trivial reducing the integrals to one-
dimensional. However, a more exact evaluation of (A.l6), taking
the dispersion relation (2.13) for the full lattice model, has
also been performed by utilizing the Monte Carlo method to deal
with the integration over the transverse components dq, dq of
the wavevectors. The numerical results are presented in Fig. 13
(curve B), Fig. 14 and Table 3» The results show similar high
temperature K= a T behaviour and low temperature expo-
C7
nential growth behaviour. In fact, for TlOO K, the numerical
results have only~ 5% deviation from those obtained by the
single chain approximation, showing the validity of that approxi-
k
mation. The high temperature coefficient a= 75 x 10 Wm is
obtained for eq.(4.20) in this case. The predicted value of K
c
at 300 K is 463 Wm-K.
However, the difference between the full lattice model and
the single chain model increases as temperature decreases and
this amounts to a factor of four at 20 K. This is hardly sur¬
prising since the single chain model fails to account accurately
for the softest modes, which are most important at low temper¬
atures.
The low temperature behaviour can best be illustrated by
examining the asymptotic behaviour of f(T) in (4.21) by the
plotting shown in Fig. 13 (curve B). The value Tq= 1339 K is
determined in a similar way as before and it is seen that this
x L
time f(T) T for T 200 K. In Fig. 14, the data for the
in-plane thermal conductivity of graphite (Touloukian, 1970),
which is also an anisotropic crystalline solid of covalent
carbon bonds, have been included for comparison, as well as to




Fig. Ik The full lattice model prediction for K of poly¬
ethylene crystal (curve A). The experimental data for the
in-plane thermal conductivity of graphite (after Touloukian,
1970) have also been included (curve B) for comparison.
+.+ Calculation of K
cx
The calculation of K is largely parallel to that of c•
In analogy to (+.l+) for K, we have, by the VP,
c
(b.22)
However, there are a few significant distinctions between the
calculations of K and K First of all, the relative im-
c c X
portance of various classes of three-phonon processes is diff¬
erent in the two cases. One remark on the terminology is ne¬
cessary before further discussion. We shall retain the classi¬
fication of various classes of three-phonon processes as TTT,
TTL etc. for comparison convenience, though a bit misleading
in the sense that now T and L respectively stand for transverse
and longitudinal to the chain direction rather than to the di¬
rection of heat flow. However, there would be no confusion if
we should bear in mind that T always stands for the two phonon
branches of soft modes corresponding to transverse vibrations of
the chains while L stands for the hard modes corresponding to
longitudinal vibrations of the chains. Since we shall again
put the Ziman trial function (+.12) into (+.22) to evaluate the
Ziman limit of K .we need only consider U-processes, but thisC X
time in the q direction. There are no allowed LLL type processes
for our model system. The contributions of TLL type processes to
(+.22) are of relative order 0(KKK) which we shall neglect
in comparison with those of TTL type processes. However, both
TTT type and TTL type processes contribute to (+.22) for K•
As the relevant processes are necessarily umklapp only in the 1
direction, the integration in (+.22) is now taken over the
shaded region in the q-q plane in Fig. 11a, and over the solid
curves both denoted by and as well as the dotted curves in
the qq plane in Fig. lib, in contrast to the previous case for
K where the integration in (+.l+) is taken over the entire
c°
square in the qq-J plane in Fig. 11a, and over the solid curves




and the Ziman trial function is now The group
velcoity factors in the denominator are explicitly
given by
(b.zk)
The factor 2 in ota1 a£a-n takes account for the scatterings
2 3
associated with the y z and y cubic terms This is not obvious
as now the x O y symmetry is violated by the implicitly assumed
temperature gradient in the x direction. But a moment's thought
vill suggest that the above counting is correct. We have also
neglected the contributions to (4.23) from TTT processes assoc-_
2
iated with the quasiharmonic cubic terms like x y etc. whose
transition rate is smaller thai
by a factor of if the fitted value of gv
from thermal expansivity data is assumed.
The transition rate for TTL type processes
has been given by (4.l8) and its counterpart for TTT type pro¬
cesses, is obtained in a similar way from the




and the meaning of other factors are explained in (+.18). If
the fitted value of g from thermal expansivity data is adopted,
as we shall do for a numerical result, we have
(4.26)
It is physically clear that no single chain approximation
can be made for the evaluation of K, since heat conduction
c J.
in the transverse to chain direction must be closely related to
transverse vibrations of the chains.
Numerical integration of dqdq over the shaded region in
Fig. lib has been performed by the Monte Carlo method in a similar
way as for K in the full lattice model. The results for two
'J c
slightly different K values are presented in Fig. 15 and Table
T(K)
Fig. 15 Temperature dependence of K of polyethylene crystal.0 J
The circles are experimental data after Choy and Young (1977).
The solid lines denote theoretical predictions: (A) K= 3-2 Nm;
(B) K= k.O Nm1.
V
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Theoretical Predictions for K due to
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In contrast to the K case, the results show a stronger de-
c//
pendence on values: if is increased 25% from 32 Nm to
4.0 Nm the calculated K values increase 30% for T£ 200 K
and increase even more rapidly for lower temperatures to a factor
of 2 at 30 K.
The high temperature (T£300 K) results again show a T law
and in analogy to (4.20),
(4.27)
with b= 46.3 Wm for= 32 Nm and b= 62.4 Wm for
= 4.0 Nm It is also seen from Fig. .13 that for the temp¬
erature range 130 K T£ 300 K, the predicted temperature
dependence does not deviate substantially from a T law and
the K= 4.0 Nm theoretical curve fits very well with the
v
experimental data extracted by Choy and Young (1977) for that
temperature range. The experimental value of K at 100 K seem0 JL
to start a decline from the T law instead of rising as the
theory based only on three-phonon processes would predict. This
is certainly because other scattering mechanisms, e.g. the bound¬
ary scattering, gradually become more and more important. However,
the fact that the data is close to a lT behaviour suggests that
these other mechanisms are not yet important at these temperatures,
and we shall not attempt to deal with this problem in this theses.
The low temperature exponential behaviour, in analogy to
(4.21), is characterized by a characteristic temperature T= 190 K
for K= 3.2 Nm1 and T= 208 K for K= U.O Nm1, determined
V o V
by the same method as for K. The T value for K is much
C O Cl
smaller than that for K because now contributions from TTT
c//
type processes, with lower frequencies, dominates for K while
c i
they do not contribute directly to K .In fact, the numerical
c//
results show that the TTL type processes carry only a contri¬
bution to (4.23) above room temperature, and contribute even
less at lower temperatures to below 1% at 30 K. Because of this
low T value, the exponential behaviour of K does not show
o C.L
up appreciately even at 30 K (Fig. 13 curve C and curve D), in
contrast to the behaviour of K. This is also why K exhibits
c// c
an approximate T law within the whole of the 100-300 K range.
4.5 Discussioi
Thermal resistivity of solids arises as a result of phonon
scatterings. In polymer crystals, there are two major types of
phonon-phonon scatterings: the TTL type which is of quasiharmonic
origin and the TTT type which is of intrinsic anharmonic origin.
The TTL type scatterings dominate in determining the thermal
conductivity K along the chain direction while the TTT type
c//
scatterings dominate in the perpendicular direction. The char¬
acteristic temperatures Tq corresponding to the minimum possible
sum of frequencies to +CO' of phonons that can undergo U-processes
in the respective directions are therefore very different for
this two types of processes. This leads to the different temp¬
erature behaviours of thermal conductivities K and K, of
c cl
polymer crystals. As only three-phonon processes are concerned,
the calculations show that while shows an approximate T
behaviour with the 100-300 K range, and does not show the ex¬
ponential behaviour appreciably even at 30 K, K exhibits
c
the asymptotic exponential Tn exp(TQT) behaviour at T£ 200 K.
On the other hand, it is well known that the thermal con-
2
ductivity K can as well be expressed roughly as K~-C v X'
2
where the phonon group velocity factor v clearly corresponds to
the denominator in the variation integral (4.11) and the mean
collision frequency 1v corresponds to the collision probabi¬
lity in the numerator. Now the phonon group velocities differ
appreciately between the parallel and the perpendicular directions
in polymer crystals as a consequence of the large elastic aniso-
2 2
tropy, viz., v7 v, K K 100. Moreover, the mean collision3 V
frequency 1V for scatterings relevant to K is dominated byJLm CJL
the transition rates for TTT type processes while its counterpart
1Tl for K is dominated by the transition rates for TTL type
c
processes. Therefore there is also large anisotropy between
and• Results of previous sections show that the ratio
2 2 3
,10. Hence it is expected that K KcX~ v Tfv± 10 and
this explains the large anisotropy in the magnitude of the
thermal conductivities of polymer crystals in this two directions.
The model calculations in this chapter clearly explains the
origin of the large anisotropy, both in magnitude and temperature
dependence, in thermal conductivities of polymer crystals. The
calculated value of K at 300 K is around L00-500 Wm-K, con-
c
sistent with the experimental estimate of 30G~900 Wm-K from
measurements on ultradrawn semi-crystalline polyethylene samples
(Choy and Leung, 1983) The approximate T behaviour of K C JL
within the 100-300 K range is fitted very well for using a
= L.O Nm value slightly larger than the value obtained by
fitting the low temperature specific heat data. However, the
temperature dependence of K is correctly predicted and is
c x
independent of the Kv value used.
We have considered in our formulation only the effect of in¬
trinsic three-phonon scatterings which corresponds to the cubic
terms in the interatomic potential. We have not considered the
effects of all other scattering mechanisms; e.g., for a real
crystal, the boundary scattering of phonons must be of importance
at low temperatures when the intrinsic phonon mean free paths
are of considerable length. The inclusion of such scattering
mechanisms is straightforward by including the corresponding
scattering terms in the Hamiltonian in our formulation of the
variational approach, but this usually inevitably involves ad¬
justable parameters to be fitted from the experimental data. In
view of the inherent limitation of the model, as well as the
lack of experimental data, we have simply ignored the effects of
all other scattering mechanisms and are content with considering
the effect of three-phonon processes only.
Moreover, the linear chain model also ignores the effects of
all the optical phonons corresponding to the vibrations of the
side group atoms in a real crystal. However, due to the high
frequency of the optical phonons, the occupation number must be
relatively small, so that the scattering of acoustic phonons by
these optical phonons must be relatively unimportant. Secondly,
the phonon group velocities of the optical phonons are so small
that the amount of heat current they carry is negligible. This
explains why the linear chain model can successfully describe
the thermal conductivity behaviours of polymer crystals, as is
borne out by the data.
Chapter 5
Cpmc;isopm
We have studied the thermal expansivity and the thermal con¬
ductivity behaviours of polymer crystals, both along and per¬
pendicular to the chain axis, for all temperatures in the linear
chain model. This model is well established and has been
widely used in the study of the harmonic properties, such as the
vibrational spectrum and the specific heat of polymer crystals,
so that most of the parameters are independently known. Upon
recognising the distinction between the quasiharmonic and the
intrinsic anharmonic cubic terms in the interatomic potential,
we have achieved a unified and physically clear understanding
of the diverse characteristics of oL, 0(, K and K.
C Ci c ci
Because of the large elastic anisotropy of the system, the
effects of the quasiharmonic cubic terms are greatly amplified,
so that the quasiharmonic contribution overwhelms the intrinsic
anharmonic contribution to physical properties of polymer crys¬
tals along the chain direction. This remark, leads to an unam-
bigous prediction of the behaviour of o(» both in sign, mag-c//
nitude and temperature dependence, in terms of the harmonic
force constants, without any adjustable parameter, agreeing well
with experimental data where Ot changes by more than three
c
decades. Another parameter free prediction is the behaviour of
K based on considering the intrinsic three-phonon processes
c//
only. There is unfortunately no precise experimental data for
K to be compared with the theoretical prediction. Anyway,
c
the predicted value of K at 300 K. is consistent with exr;eri-
c
mental estimates.
In the perpendicular to chain direction, however, the intrin¬
sic anharmonic contribution dominates. One single parameter,
namely X, the ratio of the intrinsic anharmonic coefficient g
to the harmonic force constant K for the interchain van der Waals
interactions, scaled with the corresponding bond lengths, leads
to a simultaneous fitting of both the (X and K behaviours.
° CJL ci
In fact, the predicted temperature dependence of (X does not0 JL
depend on the fitted value of X which turn out to be consistent
with the estimate based on a 6-12 potential.
In short, the main theme of this thesis is to clarify the
distinction between two types of cubic terms in the interatomic
potential, and to see what effects can be derived as consequences
of the large elastic anisotropy of the system, through the study
in an extremely simple model. In view of the inherent limitations
of the model, and the uncertainties in the experimental data, we
have not tried to perform a best fit of the data. Rather, by
choosing a reasonable set of parameter values, mostly obtained
from other sources, we have used the model to reveal the under¬
lying physics responsible for expansivity and thermal conducti¬
vity, which have now become very well understood.
Appendix A
Derivation of enuations (3.13)» (5•16) and (3.18)
In this appendix, we want to show that
(i) to first order in A, we have eq.(315), ie.
(Al)
where H, A are linear operators and
(A2)
(ii) subsequently, if ay denote the thermal average with
respect to K= Hq+ A as defined by (3-12), i.e.
(A3)
and denote that with respect to H, then to first order
o o
in A, we have eq.(3«l8), i.e.
(AA)
(iii) Given the Hamiltonian (3.17), i.e.
(A5)
where x, p are complex and form a conjugate pair of normal co-
r r
ordinates, and are respectively the effective mass and ef¬
fective force constant of that mode, and the indices are chosen
such that etc., we have, to first order in Gy,,
thermal average of xp is given by (3«l8), i.e.
(A 6)
where
We first prove proposition (i). Let
exp(~t(B+A))= exp(-tB) X(t,B,A)
then
X(t,B, A)= exp(tB) exp(-t(B+A)) (A7)
Differentiating (A7) with respect to t and ultilizing the identity
(310 (e.g., Messiah, 1961, p. 339)
(A8)
leads to
dXdt= -(exp(tB) A exp(-tB)) X
(A9)
Noting that X(0,B,A)= I, direct integration of (A9) gives
(A10)
Therefore, we have, to first order in A,
(All)
and hence (Al) or (315)•
For (ii), noting that (A3) can be written as
By (All) and the cyclic property of the trace operation, after
some arithmetic, we obtain (A0 or (3»l6).
Finally, we turn to proposition (iii). It will be convenient
to introduce the dimensionless variables defined by
f
(A12)




We further introduce as usual the boson creation and annihilation
operators a, a, respectively, as
Then the quadratic part Hq of the Harniltonian becomes
(A15)




Consequently, we also have the following useful commutation re¬
lations:
(Al6)
Now we proceed to evaluate• By (aL), we have, to first3. V
order in A,
(A17)
























and by Wick's theorem (Wick, 1950)
Putting (Al8) through (A23) all together, we obtain
Substitution of (A12), (AlA) into finally leads to (a6) or
(3.IS).
Appendix B
Derivation of equation (320) for OC
With all the simplification as discussed in section 3«3 in
the text, for the quasiharmonic model calculation of (X, we
c
shall consider the contribution from the quasiharmonic cubic
terms in A only. Consider the extended lattice (see section
s
3.3 and Fig. 9) consisting of Nx Nx 2N atoms for which the
dispersion relations are given by eqs. (2„11)-(2.13) and the
eigenvectors given by the matrix (P(q)J in eq. (Z.Ik). The




and is the abbreviation for














Recall that is given by:
c°
(B7)
and dF(w)dT= C(u,T) as given by (3.7). Putting (B3)-(B?)
together, and neglecting terms of relative order 0(K1K)$ weV s
arrive at (3.20).
Appendix C
Derivation of equation (U.10)
The integral operator P in the Boltzmann-Peierls equation is
given by (Cf. eq.(.6))
(CI)
where the equilibrium transition rate
(C2)
is symmetric under q i q'» Then we have the inner product
where the symmetry property of
we obtain (4.10):
has been utilized. Hence
(C3)
AnoenHix D
Choinp of trial function for the
variational integral (4.11)





where a is any constant vector, not necessarily in the direction






If the direction i is so chosen that the first Brillouin
zone is invariant under the inversion of direction i, clearly
(i)
we have D..= 0 for i i, since v is odd and the first
10 5.
Brillouin zone, where the integration is taken over, is even
with respect to q.. For a similar reason, we also have M..= 0
Hi i J
if j i. The argument is that since the sum over G in (DVj
can be divided into two partial sums such that the first involves
those G with component 0 while the other involves those
with G_0, then by assumption made on the symmetry of the
first Brillouin zone, their contributions to M. must cancel
each other. Thus (Dj5) becomes
(D6)
where the last inequality sign follows from the positive defin-
iteness of the integral operator P. This proves that of all
trial functions in the form of (D2), the best choice is the one
with a parallel to direction i.
Appendix E
Derivation of eouation (+.18)•—— the transition
rat(
According to the Fermi golden rule, the transition rate for
a process from initial state i to final state f is given by
(El)
where A is the interaction term in the Hamiltonian.
Now for the three-phonon process symbolically represented by
(E2)
we can write, by suppressing the phonon occupation numbers for
the irrelevant modes,
where n is the occupation number for the phonon mode (T, etc..
Let
(S3)
then the transition rate for the process (h2) is
(Ek)
where CO is the frequency of the mode cr, etc.. If we perform
a sum over cr', cr on(), and then convert the sum into an
integral as usual by
where N N_N_ is the number of atoms in the lattice, we have
1 2
Recall that this is just the transition rate for a phonon in
mode cr to scatter out to other modes which has been described
by the first term in the Boltzmann equation (+.3) as
Comparing the two gives
(e6)
Hence the equilibrium transition rate as described by
e q. (k. 5), is related to the matrix element by
(E7)
with the phonon occupation numbers n's implicitly ii
now take on their equilibrium values.
With (E7)i to obtain the transition rate
it remains to express the relevant cubic terms in the Hamiltonian,
2
i.e. the x z terms, in normal phonon coordinates, and then eval¬
uate the corresponding matrix element
The relevant cubic terms are
(E8)
and it is straightforward to express A in terms of the normal co¬
ordinates z(o) etc., as given in eq.(2.9b), and subsequently
in terms of the phonon creation and annihilation operators a (cr),




and A5(i?) is the Kronecker delta.
Hence the required matrix element is
(E10)
Putting (E10) into (E7) and converting the Kronecker delta
into the Dirac delta
we finally arrive at (4.18).
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